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Course Expectations

Introduction

This pack contains a programme of activities and resources to prepare you to start your A-Level
Mathematics course in September. It is aimed to be used after you complete your GCSEs, throughout the
remainder of the summer term and over the summer holidays to ensure you are ready to start your new

course in September.

The course coordinator for this qualification is Mr Thorpe — jthorpe@friaryschool.co.uk

What we expect from you?

e Excellent attendance/punctuality to lessons

e Correct equipment (see list below)

e Correct uniform — smart business wear and lanyard to be worn at all times
e Meet deadlines

e Contribute positively in lessons

What you can expect from us?

e High quality teaching and learning

e Commitment to you as individuals

e Constant support and guidance

e Weekly after school booster/revisions sessions

e Submitted work will be marked and assessed within 10 days of handing it in

Equipment list

e The recommended calculator for the A-Level Maths course is the, ‘CASIO FX-991EX Scientific
Calculator’

e A4 folders (x 4 in total for the two years of study)

e A4 note pad (Preferably small squared but lined is acceptable)

e Plastic wallets (for each folder)

e Folder dividers (for each folder)

e Textbooks (provided)

e Pens, pencils, highlighters, rulers


mailto:jthorpe@friaryschool.co.uk

Course Overview

Edexcel — Mathematics A-Level

The information provided is taken from the Edexcel specification document

Content and assessment overview

The Pearson Edexcel Level 3 Advanced GCE in Mathematics consists of three externally-examined papers.
Students must complete all assessment in May/June in any single year.
Pure Mathematics Components

Paper 1: Pure Mathematics 1 (¥*Paper code: 9MAO0/01)

Paper 2: Pure Mathematics 2 (*Paper code: 9MA0/02)

Each paper is:

2-hour written examination

33.33% of the qualification

100 marks

Content overview

® Topic 1 — Proof

® Topic 2 — Algebra and functions

e Topic 3 — Coordinate geometry in the (x, y) plane

® Topic 4 — Sequences and series

® Topic 5 —Trigonometry

e Topic 6 — Exponentials and logarithms

e Topic 7 — Differentiation

® Topic 8 — Integration

® Topic 9 — Numerical methods

® Topic 10 — Vectors

Assessment overview

e Paper 1 and Paper 2 may contain questions on any topics from the Pure Mathematics content.

e Students must answer all questions.

e Calculators can be used in the assessment.




Applied Mathematics Components

Paper 3: Statistics and Mechanics (*Paper code: 9MAO0/03)

This paper is:

2-hour written examination

33.33% of the qualification

100 marks

Content overview

Section A: Statistics

e Topic 1 — Statistical sampling

® Topic 2 — Data presentation and interpretation

® Topic 3 — Probability

® Topic 4 — Statistical distributions

® Topic 5 — Statistical hypothesis testing

Section B: Mechanics

e Topic 6 — Quantities and units in mechanics

® Topic 7 — Kinematics

® Topic 8 — Forces and Newton’s laws

® Topic 9 — Moments

Assessment overview

e Paper 3 will contain questions on topics from the Statistics content in Section A and Mechanics content in
Section B.

e Students must answer all questions.

e Calculators can be used in the assessment.




A-Level Maths at the Friary

Welcome to A-Level Maths at the Friary. Studying Maths at A-Level is an excellent opportunity to further
indulge in your love for the subject, whilst gaining a prestigious A-Level that can open many doors to further
education and employment.

You will be supported by an experienced team of teachers. Between us, have many years of A-Level teaching
experience. We also have exam markers in the department so we can give you that extra insight in to exam
technique.

Your A-Level teachers will always be happy and willing to help. As well as lessons, the extra clinics and
boosters will further support your study. Teachers are supportive and approachable. We have established a
community feel in A-Level Maths, where students work together to provide help and enhance each others’
understanding.

Our course is composed of a well-structured order of topics with assessment and feedback at regular
checkpoints. The course is programmed to prepare you as well as possible to understand and master the
topics and moreover, to be in a position to apply these successfully in the assessments.

The course consists of Pure Mathematics, Statistics and Mechanics. This gives you a rounded understanding
of mathematics and its applications. We aim to teach these in an engaging manner in order that you might
find your learning an enjoyable experience that enhances your knowledge and application.

There may be occasions when you need extra support in particular areas. We carefully monitor your progress
to help you recognise these areas and facilitate you in addressing your targets.

If you have any questions about studying Mathematics at the Friary then ask one of our teachers or chat to
our sixth formers. It’s a challenging subject but it’s a rewarding experience. The number of students who
turn up to our many after school sessions pays testament to the enthusiasm running through the Friary A-
Level Maths community.

In order to prepare for studying A-Level mathematics at the Friary School, we have provided the following

practice questions .



In order to prepare for studying A-Level Mathematics at the Friary School, we have provided the following

practice questions .

Thanks to Chris Ansette (@mransette) for providing this material which is specifically designed to to give
you the right practice on the right skills to start the course well.

Hopefully the notes and examples will help you complete the questions.

These should be completed and brought to your first lesson

If you have any questions about these tasks, please feel free to email me on jthorpe@friaryschool.co.uk.

Good luck
Mr J Thorpe

Coordinator of A-Level Mathematics and Further Mathematics


mailto:jthorpe@friaryschool.co.uk

Simultaneous Equations

Example 3x+2y=8 @

X and y stand for two numbers. Solve these equations in order to find the values of x and y by
eliminating one of the letters from the equations.

In these equations it 1s simplest to eliminate y. Make the coefficients of y the same in both equations.
To do this multiply equation @ by 2. so that both equations contain 2y:
3x+2y=8 @
10x +2y =22 2x@ =0

To eliminate the y terms. subtract equation @ from equation ®. We get: 7x =14
1.e. x=2

To find v substitute x = 2 into one of the original equations. For example put it into @:
10+y=11
v=1
Therefore the solutionisx=2. y=1.
Remember: Check your solutions by substituting both x and y into the original equations.

Example: Solve 2x+5r=16 @
x—4=1 @

Solution: Begin by getting the same number of x or y appearing in both equation. Multiply the top
equation by 4 and the bottom equation by 5 to get 20y in both equations:

8x+20y=64 O

I5x—20py=5 @

As the SIGNS in front of 20y are DIFFERENT, eliminate the y terms from the equations by ADDING:
23x =69 +@®
ie.  x=

5]

Substituting this into equation @ gives:
6+5r=16
5v=10
So... y=2
The solutionisx =3,y =2.



Exercise: Solve the pairs of simultaneous equations in the following questions:

1) x+2y=7 2)  x+3r=0
3x+2y=9 3x+2y=-7

3) 3x—-2y=4 4) 9x -2y =25
2x+3y=-6 4x—5y=7

5y 4a+3b=22 6) 3p+ig=15

Sa—4b=43 2p+5¢=14



Factorising Quadratic Expressions

Simple quadratics: Factorising quadratics of the form x% + bx + ¢

The method is:
Step 1: Form two brackets (v ... )(x ... )
Step 2: Find two numbers that multiply to give ¢ and add to make b. Write these two numbers
at the end of the brackets.

Example 1: Factorise x* — 9x — 10.

Solution: Find two numbers that multiply to make -10 and add to make -9. These numbers are -10 and
1.
Therefore x* —9x — 10 =(x — 10)(x + 1).

General quadratics: Factorising quadratics of the form ax? + bx + ¢
One method is that of combining factors. There are many more options that you can use.
Another method is:
Step 1: Find two numbers that multiply together to make ac and add to make b.
Step 2: Split up the bx term using the numbers found in step 1.
Step 3: Factorise the front and back pair of expressions as fully as possible.
Step 4: There should be a common bracket. Take this out as a common factor.

Example 2: Factorise 6x* +x — 12.

Solution: We need to find two numbers that multiply to make 6 = -12 = -72 and add to make 1. These
two numbers are -8 and 9.

Therefore., 6> +x—12= 6x2 -8 +9xr—12

M

=2x(3x—4) +3(3x—4) (the two brackets must be identical)

=(Bx—4)(2x+3)

Difference of two squares: Factorising quadratics of the form x° — o’
Remember that x* —a’ = (x + (a)(x — (a).

Therefore: ¥ —9=x"-3"=(x+3)(x—3)
16x* —25=(2x)" =5 =(2x+35)(2x-3)

Also notice that; 2xT —8=2(x" - =2(x+D(x—42)
and 3x% —48xp? = 3x(x* —163%) =3x(x + 41)(x —4y)



Factorising by pairing or grouping
Factorise expressions like 2x” + xy — 2x — y using the method of factorising by pairing:

2x" +xp—2x—y =x(2x +y)—1(2x + ) (factorise front and back pairs. both brackets
=(2x+y)(x—1) identical)
EXERCISE B Factorise
1) x2—x—6 8) 10x? + 5x — 30
2) x?+6x—16 9) 4x? — 25
3) 2x2+5x+2 10)  x%—3x—xy+ 3y?
4) 2x% — 3x 11) 4x?2—12x+8
5) 3x2+5x—2 12) 16m? — 81n?
6) 2y2+17y+ 21 13) 4y®* —9a?y

7)  7y?—10y+3 14)  8(x+1)2—2(x+1)—10



Completing the Square

A related process is to write a quadratic expression such as x? + 6x + 11 in the form (x + a)® + b. This is
called completing the square. It is often useful. because x* + 6x + 11 is not a very transparent expression —

it contains x in more than one place, and it’s not easy either to rearrange or to relate its graph to that of x”.

Completing the square for quadratic expressions in which the coefficient of x? is 1 (these are called monic
quadratics) 1s very easy. The number « inside the brackets is always half of the coefficient of x.

Example 1 ~ Write x* + 6x + 4 in the form (x + a)* + b.
Solution x? + 6 x + 4 is a monic quadratic. so a is half of 6. namely 3.
When you multiply out (x + 3)*. you get x> + 6x + 9.
[The x-term is always twice a. which is why you have to halve it to get a.]
x? + 6x +9 isn’t quite right yet: we need 4 at the end, not 9. so we can write
XHex+4=(x+37-9+4
=(x+3)°-5.
This version immediately gives us several useful pieces of information. For instance, we now know a lot
about the graph of y = x* + 6x + 4:
e It is a translation of the graph of y = x” by 3 units to the left and 5 units down

e Its line of symmetiy is x = -3

e [ts lowest point or vertex is at (—3.—3)

We also know that the smallest value of the function x* + 6x + 4 is —5 and this occurs when
x=-3.

And we can solve the equation x* + 6x + 4 = 0 exactly without having to use the quadratic equation formula,
to locate the roots of the function:

¥H+6x+4=0
= (x+3P-5=0
=  (x+3P=5
o (x+3)==75 [don’t forget that there are two possibilities! |

> x=-3+1\5
These are of course the same solutions that would be obtained from the quadratic equation formula — not
very surprisingly. as the formula itself is obtained by completing the square for the general quadratic
equation ax? + bx + ¢ = 0.



Non-monic quadratics

Everyone knows that non-monic quadratic expressions are hard to deal with. Nobody really likes trying to
factorise 6x? + 5x — 6 (although you should certainly be willing and able to do so for A Level, which is why
some examples are included in the exercises here).

Example 2

Solution

Write 2x* + 12x + 23 in the form a(x + b)* + c.

First take out the factor of 2:
2x2+ 12x +23 =2(x* + 6x + 11.5)  [you can ignore the 11.5 for now]
Now we can use the method for monic quadratics to write

X +6x+115 =(x+3f+(3{emmg)
Half of 6

So we have, so far

233 +12x+23=2(x+3)’ +¢ [so we already have a =2 and b = 3]
Now 2(x+3)=2(x"+6x+9)
=2x+12x+ 18

We want 23 at the end, not 18, so:
2x2+ 12x +23=2(x +3)> - 18 +23
=2(x+3)*+5.

If the coefficient of x* is a perfect square you can sometimes get a more useful form.

Example 3

Solution

Write 4x* + 20x + 19 in the form (ax + b)* + c.

It should be obvious that @ = 2 (the coefficient of a2 is 4).
So 42 +20x+19=(2x+b)’+c
If you multiply out the bracket now, the middle term will be 2 x 2x x b = 4bx.
So 4bx must equal 20x and clearly b =5.
And we know that (2x + 5)% = 4x? + 20x + 25.
So 42 +20x+19=(2x+ 5 -25+19
=(2x+5)7-6.



EXERCISE A

1

Write the following in the form (x + a)? + b.
(a) x*+8x+19 (by x?-10x+23
(d x*—4x-3 (e) x*—3x+2

Write the following in the form a(x + b)* + c.
(@) 3x%+6x+7 (b)  5x2-20x+17

Write the following in the form (ax + b)* + c.
(a) 4’ +12x+14 (b) 9 —12x-1

©
®

©

©

2x2 4+ 10x + 13

1632 + 40x + 22



Solving Quadratics

A quadratic equation has the form ax” + bx+¢c=0.

There are two methods that are commonly used for solving quadratic equations:
* factorising
* the quadratic formula

Not all quadratic equations can be solved by factorising.
Method 1: Factorising

Make sure that the equation is rearranged so that the right hand side is 0. It usually makes it easier if the
coefficient of x* is positive.

Example 1 : Solve x> -3x+2=0

Factorise (x-Dx-2)=0
Either (x—1)=0or(x—-2)=0
So the solutions arex =l orx =2

Note: The individual values x =1 and x =2 are called the roots of the equation.

Example 2: Solve x> —2x=0

Factorise: x(x—2)=0
Eitherx=0or(x-2) =0
So x=0or x= 2

Method 2: Using the formula

The roots of the quadratic equation ax? + bx + ¢ = 0 are given by the formula:

—b ++Vb?% — 4ac
x =
2a

Example 3: Solve the equation 2x* —5 =7 —3x

Solution: First we rearrange so that the right hand side is 0. We get 2x* +3x—-12=0
We can then tell thata=2.b=3 and ¢ =-12.
Substituting these into the quadratic formula gives:
_ —3+/37—4x2x(-12) —-3++105
X 2%2 T 4
(this is the surd form for the solutions)
If we have a calculator, we can evaluate these roots fo get: x =181 or x=-3.31




Exercise

1) Use factorisation to solve the following equations:
(@) *+3x+2=0 () ¥ -3x-4=0 (c)

2) Find the roots of the following equations:
(@) x2+3x=0 b)) ¥ —4x=0 (c)

3) Solve the following equations either by factorising or by using the formula:

(a) 6x* -5x—4=0 (b)  8x*—24x+10=0

X =15-2x

4) Use the formula to solve the following equations to 3 significant figures where possible

(a) 24Tx+9=0 () ®-3x+18=0

(b)  6+3x=8+ () 3P +4x+4=0

f) 3 =13x-16



Changing the Subject

Rearranging a formula is similar to solving an equation —always do the same to both sides.

Example 1: Make x the subject of the formula y = 4x + 3.

Solution: y=4x+3
Subtract 3 from both sides: yv—3=4x
. . -3
Divide both sides by 4: yT =X
yv=3 . i . .
So x = 1s the same equation but with x the subject.

Example 2: Make x the subject of y=2 — 5x

Solution: Notice that in this formula the x term is negative.
y=2-5x
Add 5x to both sides y+5x=2 (the x term is now positive)
Subtract y from both sides S5x=2-y
Divide both sides by 5 X = 2 _5 4
S5(F —

Example 3: The formula C == is used to convert between ° Fahrenheit and ° Celsius.

Rearrange to make F the subject.

c- =32
9
Multiply by 9 9C =5(F -32) (this removes the fraction)
Expand the brackets 9C =5F —160
Add 160 to both sides 9C +160=5F
. . 9C +160
Divide both sides by 5 % =F
9C +160
Therefore the required rearrangement is F = % i
EXERCISE A Make x the subject of each of these formulae:
1 y="Tx—-1 X
) ' 3) 4y =—-12
3
X+5 4(3x 5
2) V= 4) y= ( )



Example 4: Make x the subject of x? + y? = w?

Solution:
Subtract y* from both sides:

x2 +y2 = w?

x? = w? —y? (this isolates the term involving x)

xZi\/Wzi—y2

Square root both sides:
Remember the positive & negative square root.

1 [Sa
Example 5: Make a the subject of the formula ¢ = N7

h

. 1 [5a
Solution: [ =—,]—
4 \J h
5
Multiply by 4 4t = ﬁ}_a
|

. 5
Square both sides 16t = ?a
Multiply by #: 16t°h = 5a
-2
Divide by 5: m'; h_ a
EXERCISE B: Make ¢ the subject of each of the following
? - ANy —1t
1 p- 3) vl o 5) pa=20=0
32r 3 g
e 6) r=a+ bt?
2 p= wi B E
) 32r 4) pP= g

Example 4: Make x the subject of x2 + y? = w?

Solution:

x2+y2=w?

Subtract y* from both sides: x? =w? —y? (this isolates the term involving x)

xZi\/r—yz

Square root both sides:
Remember the positive & negative square root.



1 [Sa
Example 5: Make a the subject of the formula ¢ =—,|—
. 1 [5a
Solution: t=—,|—
4\ h
Sa
Multiply by 4 4t = m
1
Square both sides 1617 = —
Multiply by A: 16:°h = 5a
-2
Divide by 5: lﬁ; h_
EXERCISE B: Make ¢ the subject of each of the following
wit | I
1) P=— 3) V =—nxt’h 5)
32r 3
, _wt’ 2t 6)
‘) P = 32 4) P= |—

When the Subject Appears More Than Once

Pa — w(v—1)
g
r=a+ bt?

Sometimes the subject occurs in more than one place in the formula. In these questions collect the

terms involving this variable on one side of the equation, and put the other terms on the opposite side.

Example 6:

Soluftion:

Make ¢ the subject of the formulaa —xt = b + yt

a—xt=b+yt

Start by collecting all the t terms on the right hand side:

Add xt to both sides:

a=>b+ yt+xt

Now put the terms without a 7 on the left hand side:

Subtract b from both sides:
Factorise the RHS:

Divide by (v + x):

So the required equationis ¢ = a

a—b=yt+xt
a—b=t(y+x)
a—>b




. W
Example 7: Make I the subject of the formula 77— W = Tg

“~

Solution: This formula is complicated by the fractional term. Begin by removing the fraction:

Multiply by 2b: 2bT — 2bW = Wa
Add 2b% to both sides: 2bT = Wa + 2bW  (this collects the W’s together)
Factorise the RHS: 2bT = W(a + 2b)
Divide both sides by a + 2b: W = 26T
a+2b

Exercise C  Make x the subject of these formulae:

1) ax+3=bx+c 3 ~ 2x+3
) Sx—2
R

2) 3(x+a)=k(x—2)

o
o



Surds

A surd is a root of a number that cannot be expressed as an integer. Surds are part of the set of irrational
numbers.

Example:
/3 and /8 are surds but v/4 is not as it equals 2.

Simplifying Surds
Start to simplify surds by using two rules:

~ a va
\/a_—\/ﬁx@andjg—@

By using the multiplication rule, simplify surds by finding a factor of the number you are taking a root
of which is a square number. Always try to find the largest square number factor, otherwise you will
have to simplify further.

Example:
V8 =4 x+/2
=2v2
3V12=3xV4x 3
=3x2x%xV3
= 6\/§
V600  [600
V2 2
=+/300
= /100 X V3
=103
EXERCISE A
Simplify

1) V50 3) V27
2) V72 4) /80

L
—

[}
o
e



Multiplying and Dividing with Surds
The rules of algebra are true for any numeric value: these include surds. To multiply and divide
expressions with surds, deal with any integers together and then deal with any surds.

Examples:

2V3 xV2=2Ve
3V5 x 612 = 1810
25 X 7V/8 = 14V40

=14 x4 x\10
= 2810

V2(5+2v3) =5v2+2V6

T

(1+vV3)(2-V2)=2-2v2+2V3-6

42

(3+V2)(3-v2) =3 - (V2)’
=1

In this example, you could expand as usual but this is an example of the difference of two squares.

EXERCISE B
Simplify
1) V3xV7 5) 5v20 7 (V2+1)(V2+
2) 5VZ X 4V5 eV 5)
3) 3v3x2V6 6) i‘/—v,? 8) (5—V3)(W2-
4) V8 x+v27 8)

Addition and Subtraction with Surds

You can only add or subtract with surds if the surd is the same: sometimes if they are not the same, you

may be able to simplify them so that the same surd is present.

Example:

2V3+4V3+6V5=6V3+6V5
Here add the 2+/3 and 4+/3 as the same surd is present but you cannot add the 6v/5.

2V5 + /45 = 24/5 + 3V/5
= 5V5
By simplifying V45 to 3v/5. you can add the two surds together.

These methods also work for subtraction of surds.



Exercise C
Simplify
1) V3++7 6) 2v5—+5
2) 5vV2+ 42 7) V72 —+/50
3) 3v6++24 8) 6V3—V12++v27
4) V50 + /8 9) /200 ++/90 —+/98
5) V27 +75 10)vV72 — V75 + V108

Rationalising the Denominator
It is far easier to calculate with a fraction if the surd if the denominator is a rational number (i.e. not a
surd). The process of this is known as rationalising the denominator. To do this, multiply by the surd in

. . A 2
the denominator. doing so makes use of the fact that va X va = (Va)” = a

Example:
1
V3
Multiply the denominator by /3 to rationalise it and so multiply the numerator by v/3 also:
1 V3 3
B33
Example 2:
4 4 2
2 V2 V2
42
T2

I
S



Example 3:
2++/3 2+\/_Xv’_
V5 V5 5
\/_(2-0—\/_)

_2«/§+~JE
AL

If there is more than just a surd in the denominator. we make use of the difference of two squares by
multiplying by its conjugate.

Example:
R: li 2
ationalise *
37
We multiply the numerator and denominator by its 2 3 4 \/_ 2(3+ ﬁ)
conjugate: 3 + V7 3 _ \/— 3+ \/— (3 ﬁ)(?) I \/7)
It’s a difference of two squares so expand as usual _ 2B+ \/7)2
-(V7)
_2(3++7)
- 9-7
_2(3+47)
2
=3+47
Exercise D
Rationalise the following:
|
) 1 b) 3 ) 10
a) — — c) —
V2 V5 V5
5 V3 10
d) —= — ) —
) 27 © 5 ) Tt
) 4447 1 6+8v5 . 6—V5
o) —— - =
LS 1) NG 1) G
2
2) | b) 2 o) 6

d)

&
%
&



Algebraic Fractions

Algebraic fractions can be treated in exactly the same way as numerical fractions.

3x
Example Multiply E by 2.

6x 6x
Solution 3 x 2 = 6, so the answer is?—. (Not Tav & this is just an equivalent fraction!)
Y y

E 1 Divid _3y2 b
xample wide )
p ] Yy

3y? 3y 1
Solution 2 —y = 2 X —
4x 4x v

_ 3y

- 4xy

3
= ﬁ (Don’t forget to simplify!)

., POR
Example Divide——Dby T.
100
PQR PQR 1
Solution — T =—X=
100 100 T
_ PQR
1007

PQR
: . 100 . .
Here it would be wrong to say just T which 1s a mix (as well as a mess!)

Double fractions. or mixtures of fractions and decimals, are always wrong.

: : XY
For instance, if you want to divide — by 2. you should not say >
z z z

This sort of thing is extremely important when it comes to rearranging formulae.



3 1
Example Simplify —— — ——
P P fyx—l x+1

Solution Use a common denominator. [You must treat (x — 1) and (x + 1) as separate
expressions with no common factor. ]
3 I 3(x+D—(x—1)
x—1 x+1  (x=D(x+1)
_3x+3-x+1 2x+4

C(x=Dx+D) (x=D(x+]1)
Do use brackets, particularly on top — otherwise you are likely to forget the minus at the end
of the numerator (in this example subtracting -1 gives +1).

Don’t multiply out the brackets on the bottom. You will need to see if there is a factor, which
cancels out (although there isn’t one in this case).

E 1 Simplify —— + >
xample impli :

P plify 3x-3  x2-1
Solution A common denominator may not be obvious, you should look to see if the
denominator factorises first.

2 5 2 5

3. 372 1 13 + x —11is a common
3x—3 x -1 3(x-1 (x+D(x-1)

factor, so the
U x 3
_2x+D+5%3 common denominator
3(x=1)x+1) is 3(x — 1)(x + 1).
. 2x+2+15
(x—=D(x+1)
_ 2x+17
(x=D(x+1)
If one of the terms is not a fraction already. the best plan is to make it one.

.3 : :
Example Write—— =+ 2 as a single fraction.
x+1
3 32
G, S
Solution x+1 x+1 1
34+ 2(x+1)
x+1
2x+5
 x+l

This method often produces big simplifications when roots are involved.



Example Write ++vx — 2as a single fraction.

X
Vx—2
; x—-2
IO S S S G
Solution x—2 x—2 1

B x+({fx—=2)
x=2
_x+(x=2)
x—2
_ 2x-=2

=]

x_

x
It 1s also often useful to reverse this process — that is, to rewrite expressions such as ——. The

problem with this expression is that X appears in more than one place and it 1s not very easy
to manipulate such expressions (for example, in finding the inverse function. or sketching a
curve). Here is a very useful trick.

Exercise
1 Write as single fractions.

@ 2,1 @ 2 1 ( L1 @ 3,

x—1 x+3 x—3 x+2 2x —1 3x+2 x+2
© ,__I ® 2x (2) 31
x—1 x+1 42x-1) 4x" -1
2 Write as single fractions.
x+1 b 2x X
@ X* 2, iz ® _2X vz @9 +V(x —2)?2

Vx vx +3 x—2



Linear and Quadratic Simultaneous Equations

I am sure that you will be very familiar with the standard methods of solving simultaneous
equations (elimination and substitution). You will probably have met the method for solving
simultaneous equations when one equation is linear and one is quadratic. Here you have no
choice: you must use substitution.

Example 1  Solve the simultaneous equations x+3v==6
¥ +32=10

Solution Make one letter the subject of the linear equation: x =6 — 3y
Substitute into the quadratic equation(6 — 3y)* +17 =10
Solve ... 10y* — 36y +26 =0

20— D(5r-13)=0

... to get two solutions: v=1lor26
Substitute both back into the /inear equationx =6 —3y=3 or —1.8
Write answers in pairs: (x.v)=(3.1)or(-1.8, 2.6)

e You can’t just square root the quadratic equation.

e You could have substituted for y instead of x (though in this case that would
have taken longer — try to avoid fractions if you can).

e [t is very easy to make mistakes here. Take great care over accuracy.

e It is remarkably difficult to set questions of this so1t in such a way that both
pairs of answers are nice numbers. Don’t worry if, as in this example, only one
pair of answers are nice numbers.

Questions like this appear in many GCSE papers. They are often, however, rather simple
(sometimes the quadratic equations are restricted to those of the form x* + 1 = @) and it is
important to practice less convenient examples.



Exercise

Solve the following simultaneous equations.

1

Lh

11

13

2 +xy=12
3x+y=10

¥+ 3xy+ 572 =15
x—y=1

¥+ 3xp+57=5

x—2y=1
¥ —y? =11
x—y=11

10

12

14

16

2 —4x + }'2 =21

y=3x—-21

Xt —2xy+1?r =1

y=2x
x+2y=15
xy =28

457 — 4xy —3)” =20
2x —3y=10
E_Fi:}
X ¥
x+y=7



Expanding more than two Binomials

You should already be able to expand algebraic expressions of the form (ax + b)(ex + d).
eg. (2x+1D)Bx—-2) = 6 —4x+3x—-2 = 6 —x—2
eg (Sx+4)(Bx—4) = 2577 -20x+20x— 16 = 25+’ —16

We are now going to algebraic expressions of the form (ax + b)(ex + d)(ex + ).

To simplify the product of three binomials. first expand any two of the brackets and then
multiply this answer by each term in the third bracket

Example 1:
Expand and simplify (x — 2)(2x + 3)(x + 7)
(x—2)(2x+3)=2"+3x—4x—6 44— First expand two of the brackets
(You may prefer to use the grid method)
=2¥—x-6 <«— Simplify

Now (x —2)(2x + 3)(x + 7) = (x + )22 —x — 6)

= x(2.¥2 —x—6)+7(2x* —x— 6) <«— Multiply your expansion by each term
in the 3rd bracket

=2x" —x7 — 6y + 142" — Tx — 42

=2  +13x7 — 13x — 42 <+— Simplify
Example 2:
Show that (2x + 5)( x — 1)(4x — 3) = 8% + 6x* — 29x + 15 for all values of x.
2x+35)(x—1)=2x>—-2x+5x—5 <4— First expand any two of the brackets.
=2x+3x—5 <+— Simplify

Now (2x + 5)(x — 1)(4x — 3) = (4x — 3)( 2x* + 3x — 3)
=4x(2x* +3x—5) —3(2x* +3x—5) <«— Multiply your expansion by each term
in the 3rd bracket

=8 +12x% —20x — 6x° — 9x + 15 4— Remember the minus outside the 2nd bracket
changes each sign inside the 2nd bracket

=8> + 63> —29x + 15 <+— Simplify

To simplify the product of four binomials. first expand any two of the brackets and then
expand the other two brackets and then multiply these answers.



Example 3:
Expand and simplify (x + 3)(x — 3)(2x + 1)(5x — 6)

(x+3)(x—3)=x2-9 <4— Expand two of the brackets
2x+ D(5x—6)=10x"—7x—6 <+— Expand the other two brackets

(x+3)(x —3)(2x + D)(5x— 6)
= (x? = 9)(10x% — 7x — 6) «4— Use the two expansions above

=x*(10x* — 7x — 6) — 9(10x” — 7x — 6) «— Multiply the 2nd bracket
by each term in the 1st bracket
=10x" — 7" — 65 — 90x" + 63x + 54

= 10x" — 7% — 96x* + 63x + 54 <+— Simplify
EXERCISE:
1. Expand and simplify
(a) (x+Dx+4H(x+5) (b) (2x+7)(B3x+ )(x+8)
(c) (x—=3)x—D(2x—3) (d) Bx+8)(x—2)(2x—5)
(&) (5x—1)(2x+5)(3x—2) (0 Ax+D2x+7)4x—1)
(g) (x+4)°(Bx—7) (h) (6x+5)(2x—1)°
(i) (x—DEx+DEdx—1)(2x—3) G) (x+57(x—2Y
2. Show that (2x + 3)* = 8% + 36x + 54x + 27 for all values of x.
3. Show that (x — 4)*(x + 3) simplifies to x> + ax* + bx + ¢ where a. b and ¢ are
integers.
4. Express (3x — 1)*in the form  ax* + bx® + ex? + dx + e where a. b. ¢, d and e are
integers.
5. (Bx+5)(x—4)(3x—2)=9x" + Ax* + Bx + 40
Work out the value of 4 and the value of B.
6. (x=3)2x+ D)(Ax+1)=8+Bx* + Cx — 3
Work out the value of 4. the value of B and the value of C.
7. Here is a cuboid.

x—2

x+5

2x +1

All measurements are in centimetres.
Show that the volume of the cuboid is (2x° + 7x* — 17x — 10) cnr’.



f(x) =3x" — 2" +4
Express f(x + 2) in the form ax® + bx* + cx + d.

The smallest of three consecutive positive odd numbers is (2x — 1),

Work out the product of the three numbers.
Give your answer in the form ax’ + bx* + ex + d.



Quadratic Inequalities

You should be able to solve quadratic equations of the form ax* + bx + ¢ =10

eg ¥ —3x—4=0 (x—4)(x+1)=0 x=4 or x=—1
eg 3¥—14x+8=0 (Gr—2)(x—4)=0 x=2 orx=4
3
e.g. x*=10-3x ¥+3x—10=0 (x+35)x—2)=0 x=—50rx=2

You should also know the shape of a quadratic curve.

If the coefficient of x* is positive. the curve is ‘smiling’. \/
If the coefficient of x” is negative, the curve is ‘frowning’. /-\

Iff(x) >0 or f(x) >0 we want the values of x where f(x) 1s above the x-axis.

If f(x) <0 or f(x) <0 we want the values of x where f(x) is below the x-axis.

Example 1:
Solve x*+5x—24 = 0

(x+8)(x—-3)=0 «— First factorise your quadratic expression
Critical values are x = —8 and x = 34— Solve (x +8)(x—3)=0

—8 3 x - Always draw a sketch of your curve
Show where the curve cuts the x-axis
by solving (x + 8)(x —3)=0

x=—8and x> 3 «4— We want the area where y = 0

If you are asked to write the solution set of the inequality * + 5x — 24 = 0 then the answer
would be: {x:x<-8. x>3}

NOTE: There are TWO regions so we write the answer as TWO inequalities.



Example 2:
Find the solution set of the inequality 6(x* +2) < 17x

6x*+ 12 < 17x 4— First expand the bracket
6x2—17x+12<0 <«— Rearrange to the form ax* + bx + ¢ <0
(Bx—MH(2x—-3)<0 <— Factorise in order to find where it cuts the x-axis

Critical values are x = 4/3 and 3/2 <— Solve (3x —4)(2x—3)=0

\wf/

4 Vi by 44— Sketch the curve and shade below the axis
3 2
4 3 ] . . ] .
— < x =< = ) We want the region where f{x) is below the x-axis
3 2 )
Solution set = { x: 4 < x < 3 4 Make sure your answer is given in the correct form
3 2

NOTE: There is ONE region so we write the answer as ONE inequality.

Example 3:
Solve x(x+9)=0

x(x+9)<0 4— This is already factorised with 0 on one side
so there is no need to expand the brackets
Critical values are x = 0 and x = -9

-9 0 X <4— Sketch the curve and shade below the axis

—9 < x =0 4— We want the region where f(x) is below the x-axis
There is only one region so write as one inequality



Example 4:

Solve the inequality 14 + 5x < x?
14+ 5x—x* <0 -«
2+x)(7T—x) <0 «—
i_ l \- > \:; <+
x<—2 and x>7 «
OR
14+5x—x" <0
¥ =5x—14 >0 -
(x+2)(x=7)=0 -
-2 7 X -
x<-2 and x>7 +—
EXERCISE
1. Solve each of these inequalities.

(a) ¥ +9x+18 = 0
() (x—2(x+7) >0
() 2x>—1lx+12 < 0
(g) 15+2x—2 < 0
(1) x(5x—2) = 0

Rearrange to the form ax” + bx + ¢ <0
Factorise in order to find where it cuts the x-axis

The curve is 'frowning' as we have —x’

We want the region where f(x) is below the x-axis

Rearrange to the form ax® + bx + ¢ <0
Multiply each term by —1 which changes < to =

Factorise in order to find where it cuts the x-axis

= g 2
The curve is 'smiling' as we have +x~

This method gives the same answer as the 1st method

(b) x¥*—x-20 <0

(d) ¥*—5x=0

) +x)(1-2x) =0
(h) 21-x-2x* > 0
() x*—2x > 35

2. Find the solution set for each of these inequalities.

(a) ¥’ —4x+3 <0

(c) x(x+2)> 48

(e) 2¢* = 1lx—12

(g) 7+2(4x*—15x) < 0

(b) ¥*+x—42 <0
(d) 3x+14x—5 >0
(f) 16 —x* < 6x

(h) ¥*—4(x+6) = 8

i) 3x(5-x) > 0 () (x+5?2 > 1
3. Solve X *12 > 4y
2
4. Find the solution set for which 15 + 2x < &7
5. Find the set of values for which 6 + x = x> and x + 2 < &~

6. Find the solution set for (x — 3)(2x +3) < 2x(1 — 2x) — 5



Using Completing to Square to Find Turning Points

You should already be able to express a quadratic equation in the form a(x + b)* + ¢ by
completing the square.

eg ¥ —6x+3=(x—-30-9+3=(x-37-6
eg 3 +6x+5=3[*+2x]+5=3[(x+ 1) -1]+5=3(x+1)>+2

We are now going to deduce the turning points of a quadratic function after completing the
square.

Example 1:
Given y = x> + 6x — 5, by writing it in the form y =(x + a)* + b, where a and b are
integers, write down the coordinates of the turning point of the curve. Hence sketch the
curve.

¥y =x>+6x—5

=(x+3)2—-9-5 “4— Remember to halve the coefficient of x
=(x+3)7— IN and subtract (—3)’ to compensate

The turning point occurs when (x + 3)> = 0, i.e. when x = -3
Whenx=-3,y=(-3+3)>-14=0-14=-14

So the coordinates of the turning point is (=3, —14)
The graph y = x” + 6x — 5 cuts the y-axis when x =0, i.e. y=-5
Sketch:

(-3.-14)

When y = (x + a)* + b then the coordinates of the turning point is (—a. b).
The minimum or maximum value of y 1s b.



Example 2:
Given that the minimum turning point of a quadratic curve is (1, —6). find an equation of
the curve in the form y = x> + ax + b.  Hence sketch the curve.

y=@x-1%-6 ‘\ If the minimum is when x = 1, we know we have (x — 1)’
=(x—x—x+1)-6 If the minimum is when y = —6. we know we have (...)> — 6
=x>—2x-5

An equation of the curveis y = x> = 2x — 5
The graph cuts the y-axis when x =0, 1.e. at y =—5

Sketch: It is a minimum turning point so the shape is U

L )

-

\J

NOTE: There are other possible equations as, for example y = 4(x — 1)*— 6 also has a turning
point of (1. —6). If it was a maximum turning point then the coefficient of x* would be negative.

Example 3:
Find the maximum value of —x* + 4x — 7 and sketch the curve.

—x?+4x—T=—(x*—4x+7) € First take out the minus sign
=—[(x—2)P*—-4+7] 4— Remember to use square brackets
=—[(x=2)*+3]

=—(x—2)-3 <«— Multiply (x — 2)* and +3 by —1

The maximum value is —3

VA It is a maximum value so the shape is m
2.-3)
(0.7

A\ J




Exercise:
1. By writing the following in the form y = (x + a)* + b. where @ and b are integers. write
down the coordinates of the turning point of the curve. Hence sketch the curve.

(@) y=x"—8x+20 (b) y=x"—10x -1
() y=x"+4x—6 (d) y=2x"-12x+8
(e) y=—x"+6x+10 0 y=5-2x-x

2. Given the following minimum turning points of quadratic curves, find an equation of the
curve in the form y = x* + ax + b. Hence sketch each curve.

@) (2.73) (®) (=4 1)
(©) (-L5) (d) (3.-12)
(e) (L.-7) ® 4-D

3. Find the maximum or minimum value of the following curves and sketch each curve.

(@) y=x>+4x+2 (b) y=1-6x—x’
€ y=—X+2v—3 (d) y=x"—8x+8
(e) y=x—3x—1 B y=-3x+12x-9

4. The expression x° — 3x + 8 can be written in the form (x — a)* + b for all values of x.
(1) Find the value of a and the value of b.

The equation of a curve is y = f{x) where f{x) =x* — 3x + 8
The diagram shows part of a sketch of the graph of y = f(x).

Ya

1= fix)

/

/

/
"/

0 T x

The minimum point of the curve is M.

(1) Write down the coordinates of M.



5. (i) Sketch the graph of f(x) = x? — 6x + 10. showing the coordinates of the turning point
and the coordinates of any intercepts with the coordinate axes.
(11) Hence, or otherwise. determine whether f(x) — 3= 0 has any real roots.
Give reasons for your answer.

*6. The minimum point of a quadratic curve is (1, —4). The curve cuts the y-axis at —1.
Show that the equation of the curve is y = 3x> — 6x —1

*7. The maximum point of a quadratic curve is (—2. —5). The curve cuts the y-axis at —13.
Find the equation of the curve. Give your answer in the form ax” + bx + c.

* = extension



Functions

In GCSE Mathematics equations are written as shown below:

y=3x+4

However. we also used function notation.

y=x>+5

We often use the letters f and g and we write the above equations as

fx) =3x+4

Example 1:

gx)=x>+5

Using the equation y = 3x + 4. find the value of y if

(a) x=4 (b) x=-6

(a) y=3(4)+4=12+4=16
(b) y=3(-6)+4=-18 +4=—-14

Example 2:
f1is a function such that f{x) =3x + 4

Find the values of

(@) f(4) (b) f(-6)
(a) f(4)=3(4)+4=12+4=16

(b) f(=6) =3(=6)+4=—18 +4=—14

Example 3:

g 1s a function such that g(x) =2x2 -5

Find the values of

(a) g(3)

(a) 2(3)=2(37-5=18-5=13

(b) g(—4)=2(-4p2-5=32-5=27

<— Substitute for x = 4 in the equation

<4—— Substitute for x = —6 in the equation

< Substitute for x = 4 in the equation

4—— Substitute for x = —6 in the equation

(b) g(-4)

4—— Substitute for x = 3 in the equation

4—— Substitute for x = —4 in the equation



Example 4:

The functions f and g are defined for all real values of x and are such that

fix)=x>-4 and g(x)=4x+1

Find (a) 1f(-3) (b) g(0.3)

(c) Find the two values of x for which f(x) = g(x).

(a) f(-3)=(-3)-4=9-4=5 <4—— Substitute for x = —3 in the equation f(x)

(b) 2(0.3)=4(03)+1=12+1=22 <«4—— Substitute forx= 0.3 in the equation g(x)

(€) ¥»—4=4x+1 <+— Pput f(x) = g(x)
—4-Adx—-1=0 <4—— Rearrange the equation as a quadratic = 0
¥—4x-5=0 <«—— Simplify
(x=5)x+1)=0 <—— Solve the quadratic by factorising
x—5=0 or x+1=0
x=35 or x=-1

Exercise:
1. The function f1s such that f{x) =5x + 2
Find (a) 1(3) (b) f(7) (c) f(—4)
(d) 1(=2) (e) f(-0.5) () 1(0.3)
2. The function fis such that f(x) =x’ — 4
Find (a) 1(4) (b) f(6) (c) f(—2)
(d) (-6 (e) f(-0.2) ) 1(0.9)
3. The function g is such that g(x) =x" — 3x* - 2x + 1

Find  (a) g(0) (b) g(1) () 22)
(d) g(=1) (e) g(-04) (f) g(1.5)



4, The function f1s such that f(x) = v2x + 5

Find (a) f(0) (b) f(1) (c) f(2)
() f-1) () f-0.7) (f) f(1.5)
5. f(x) =3x> - 2x -8

Express f(x + 2) in the form ax* + bx

6. The functions f and g are such that
fix)=3x-5 and gx)=4x+1

(a) Find (1) f(—1) (1) g(2)
(b) Find the value of x for which f(x) = g(x).

7. The functions f and g are such that
fx)=2x"-1 and gx)=5x+2

(a) Find f(—3) and g(—5)
(b) Find the two values of x for which f(x) = g(x).

Composite Functions

A composite function is a function consisting of 2 or more functions.

The term composition is used when one operation is performed after another operation.
For instance:

X x+3 5(x +3)

L

This function can be written as f(x) = 5(x + 3)
Suppose f(x) = x* and  g(x)=2+3x
What is fg(x)? Now fg(x) = flg(x)]
This means apply g first and then apply {.

fg(x) =f(2+ 3x)=(2 + 3x)?

AV

g(x) is replaced It 1s then substituted
with 2 + 3x into f(x)




What is gf(x)?
This means apply f first and then apply g.
gfi(x) = g(x?) =2 + 3x?

AV

f(x) 1s replaced It 1s then substituted
with x? into g(x)

NOTE: The composite function gf(x) means apply f first followed by g.
NOTE: The composite function fg(x) means apply g first followed by f.

NOTE: {fg(x) can be written as fg and gf(x) can be written as gf; fg is not the same as gf.

Example 1:
: 1
fand g are functions such that  f{x)= — and g(x)=3—2x
X
Find the composite functions (a) fg (b)
(a) fg=1fg(x)=1(3—2x) 4—— Do g first: Put (3 — 2x) instead of g(x)
1 <
= 3 Substitute (3 — 2x) forx in !
X
I -
(b) gf=gfix)= E[—) Do ffirst: Put - instead of f(x)
X X
. | , 1 .
=3-2—=3-—— Substitute — forx in (3 — 2x)
X X x



Example 2:

fix)=7-2x g(x)=4x -1 h(x)=3(x-1)
Find the following composite functions: (a) gf (b) gg (c) fgh
(a) gf=gf(x)=g(7—2x) 4 Do ffirst: Put(7—2x) instead of f(x)
=4(7—2x)— 1 “*— Substitute (7 — 2x) for x in 4x — 1
=27 —8x <4—— Simplify 28 —8x— 1
(b) gg=gg(x)=g@x—-1) 4 Put (4r — 1) instead of g(x)
=4(dx—-1)—1 *+— Substitute (4x — 1) forx in 4x — 1
=16x—35 <+—— Simplify 16x —4—1

(¢) fgh=fgh(x)=1g[3(x —1)] <—— Put3(x—1) instead of h(x)

=g (3x—3) <« Expand 3(x—1)
=1[4(3x—3)— 1] <«—— Substitute (3x — 3) forx in 4x — 1
=1(12x — 13) <— Simplify 12x— 12— 1
=7-2(12x—13) “4— Substitute (12x — 13) forxin 7 — 2x
=33 — 24x  Simplify 7 - 24x+ 26
Example 3:
fix)y=7-2x g(x)=4x-1 h(x)=3(x-1)
Evaluate (a) fg(5) (b) ff(-2) (c) ghf(3)

(a) fg(5)=120-1)=1(19) <—— Substitute for x= 5 in 4x — 1

=7—-2(19)=-31 4— Substitute forx=191in 7 — 2x

(b) ff(-2)=1[7 —2(-2)] =1(11) «— Substitute for x=—2 in 7 — 2x and simplify

=7-2(11)=-15 <«—— Substitute for x = 11 in 7 — 2x and simplify

(c) ghf(3)=gh(7—6)=gh(1) Substitute for x = 3 in 7 — 2x and simplify

g[3(1 —1)]=g(0) <«—— Substitute for x= 1 in 3(x — 1) and simplify

=40)-1 = -1 <—— Substitute for x = 0 in 4x — 1 and simplify



Example 4:

fx) =3x+2 and

Solve the equation gf(x) = 2x

gf(x) =g(3x + 2)

=7—-(3x+2)
=5 —3x
5—3x=2x
5=>5x

x=1

Example 5:
(more challenging question)

Functions f. g and h are such that

fix—» 4y —1 g

Find (a)(1) fg(x)

|
(a) fg(x)= f{x N j}

i

=4 : J—l
(x+2

(ii) hh(x)

gx)=7—x

Put (3x + 2) instead of f(x)

g's rule is subtract from 7
Simplify 7—3x— 2
Put gf(x) = 2x and solve

Add 3x to both sides

h:x—» (2 —x)?

(b) Show that hgf(x) = [

4— Substitute for g(x)

<4+— f{’s operationis x 4 —1

8x+1

4x +1

= = =/ <+— Simplify using a common denominator of x + 2

4 -1(x+2)
x+2
2—x

x+2

Jz



(b) hh(x) =h(2 —x)? «—  Substitute for h(x)
=[2-(2- 1‘)2]2 4— D’s operation is subtract from 2 and then square
=[2-(4-2x+xD) +— 2-x)P=2-102-x)=4-2x+x°

=(—2+4x—-2x")’

(c) hegf(x) =hg(4x — 1) <4— Puf (4x - 1) for f(x)
_ 1
- h(m} <4— Substitute (4x — 1) for x in g(x)
_|n_ l ) 4+— 4x-1+2=4x+1 soput4dx+1forxinh(x)
dx+1
(441 1] o
=12 - Simplify using a common denominator of 4x + 1
| \dx+1) 4dx+1
(8x+2-1}%
4x +1
C(sx+1Y
4x +1
Exercise:
Find an expression for fg(x) for each of these functions:
(a) flx)=x—-1 and g(x)=5-2x
(b) fix)=2x+1 and g(x)=4x+3
3
(c) flx)=— and g(x)=2x-—1
X
(d) f(x) =2+’ and g(x)=x+3

Find an expression for gf(x) for each of these functions:
(a) fix)=x—-1 and g(x)=5-2x
(b) fix)=2x+1 and g(x)=4x+3

-
3

(c) fix)= and g(x)=2x-1

X
(d) flx)=2x" and g(x)=x+3

The function fis such that f{x) =2x — 3

Find (1) ff(2) (11) Solve the equation ff(a) = a



4. Functions f and g are such that
flx) =7 and gx)=5+x
Find (a)(1) fg(x) (i) gf(x)

(b) Show that there is a single value of x for which fg(x) = gf(x) and find this value of x.
5. Given that f(x) = 3x — 1. g(x) =x? + 4 and fg(x) = gf(x). show that ¥’ —x—-1=0

. X . x-1
6.  The function f is defined by f{(x) =X x #0
X

Solve ff(x) =—2

. . 1
7. The function g is such that g(x) = - for x#1

x—1
(a) Prove that gg(v) = ——
X

(b) Find ggg(3)

8.  Functions f. g and h are such that f{x) =3 —x. g(x)=x’—14 and h(x)=x-2

Given that f(x) = gth(x), find the values of x.

Inverse Functions

The function f(x) = 3x +5 can be thought of as a sequence of operations as shown below

X 3x 3x +5
> <3 > +5 >
Now reversing the operations
x-5
3 x—35 X
< +3 < -5 <

The new function, T . 18 known as the inverse function.

Inverse functions are denoted as f ~!(x).



Example 1:
Find the inverse function of f(x)=3x—4

y =3x—4 <4—— Step 1: Write out the function as y = ...
x=3y—4 *— Step 2: Swapthexandy
x+4=3y ¢ Step 3: Make y the subject
x+4

~ —V

3

4 x+4 o

f(x)= «4—— Step 4: Instead of y= write £ !(x) =

b
2

Example 2:
. . . : x=2
Find the inverse function of f(x) =

x—2 . .

¥y = 7 Step 1: Write out the function as y = ...
y—2

xX= - *— Step 2: Swap thex and y

Tx=y—2 * Step 3: Make y the subject

Tx+2 =)

f7ix)= 7x+2 ' Step 4: Instead of y = write £ 1(x) =



Example 3:

Find the inverse

function of f(x) = Vx+4

y = vx+4 <4+—— Step 1:
r= ,\E'Iy+4 < Stf‘[] 2:
x? =y+4 *— Step 3
¥ —4 =y

flx)=x—4 ¢ Step 4:

Write out the function as y = ...

Swap thex and y

: Make y the subject

Instead of y= write f7'(x)=

RULES FOR FINDING THE INVERSE f }(v):

Step 1: Write out the function as y = ...
Step 2: Swap the x and v
Step 3: Make y the subject
Step 4: Instead of y= write f (x) =
Exercise:
1. Find the inverse function. f ~!(x). of the following functions:
(a) flx)= 3x—1 (b) flx)= 2x+3
(¢) flx)=1-2x (d) flx)=x+5
(e) flx)= 6(4x—1) () fix) = 4—x
(g) flx)= 3" -2 (h) f(x)= 2(1 —x)
: 2 . x+1
1) flx)= — 1) fx)=
x+1 X -



The function f is such that f{x) =7x — 3
(a) Find f7}(x).
(b) Solve the equation f ~'(x) = f(x).

8

The function £ is such that f{x) = .
;v + "

(a) Find f'(x).
(b) Solve the equation f ~!(x) = f(x).

The function f'is such that f{x) = x#—4.
x+4
Evaluate £ 7!(3). [Hint: First find £ ~!(x) and then substitute for x = —3]
x
flx) = xeR, x#-3
X+

(a) If f~!(x)=-5, find the value of x.
(b) Show that ff !(x) =x
Functions f and g are such that

flx)=3x+2 glx)=x*+1
Find an expression for (fg) ! (x) [Hint: First find fg(x) ]



Straight Line Graphs

I am sure that you are very familiar with the equation of a straight line in the form y =mx + ¢,
and you have probably practised converting to and from the forms

ax+by+k=0 or ax+by=1F

usually with a. b and i are integers. You need to be fluent in moving from one form to the
other. The first step is usually to get rid of fractions by multiplying both sides by a common
denominator.

Example 1 ~ Write y =3x-2 in the form ax + by + k= 0. where a. b and k are integers.

Solution Multiply both sides by 5: 5y =3x-10
Subtract 5y from both sides: 0=3x—5y—10
or 3x—=5-10=0

In the first line it is a very common mistake to forget to multiply the 2 by 5.
It 1s a bit easier to get everything on the right instead of on the left of the equals sign. and this
reduces the risk of making sign errors.

In plotting or sketching lines whose equations are written in the form ax + by = £, 1t 1s useful

to use the cover-up rule:

Example 2  Draw the graph of 3x + 4y =24.
’

Solution Put your finger over the “3x”. You see “4y = 24", K
This means that the line hits the y-axis at (0, 6). N (0. 6)
Repeat for the “4y”. You see “3x = 24"
This means that the line hits the x-axis at (8, 0).
[NB: not the point (8, 6)!]
Mark these points in on the axes.
You can now draw the graph. (8, 0)
\: > X
1 Rearrange the following in the form ax + by + ¢ = 0 or ax + by = ¢ as convenient,
where a, b and ¢ are integers and a > 0.
(a) y=3x-2 (b) y=1x+3
() y=—%x+3 (d) _1,==%x—%
(@  y=-3x+3 0 y=tx-3
2 Rearrange the following in the form y = mx + ¢. Hence find the gradient and the
y-intercept of each line.
(a) 2x+y =8 (b) dx—y+9=0
(©) x+5y=10 (d x-3y=15
(e) 2x+3y+12=0 (D) S5x -2y=120

(g) 3x+5y=17 (h) Tx—4y+18=0



Sketch the following lines. Show on your sketches the coordinates of the intercepts of
each line with the x-axis and with the y-axis.

(a) 2x+y=28 by x+5y=10
() 2x+3y=12 (d) 3x + 5y =30
(e) 3x—-2y=12 §))] 4x+5y+20=0



Curved Graphs

You need to know the names of standard types of expressions, and the graphs associated with
them.

(a) The graph of a quadratic function (e.g. y = 2x* + 3x + 4) is a parabola:

\. ! e T
\ / yd \
s 5,
"

Notes:
e Parabolas are symmetric about a vertical line.

e They are not U-shaped. so the sides never reach the vertical. Neither do they dip outwards at

the ends.

These are wrong: |'

r
S

(b) The graph of a cubic function (e.g. y = 2x* — 3x* + 4x — 5) has no particular name: it’s
usually referred to simply as a cubic graph. It can take several possible shapes:



(c) The graph of y = a number is a hyperbola:
X

The graph of a hyperbola gets closer and closer to the axes without ever actually touching
them. This is called asymptotic behaviour. and the axes are referred to as the asymptotes of
this graph.
(d) The graph of y = %?ber 1s similar (but not identical) to a hyperbola to the right

X

but is in a different quadrant to the left:

P

\

,_,_'——"'-'-_ / \RH--‘"‘-\—\_,_
< I
(e) Graphs of higher even powers (1) Graphs of higher odd powers
y=x" (y=x' etc. are similar):

y=x"(y=x°etc. are similar):



Which way up? This 1s determined by the sign of the highest power.
If the sign is positive, the right-hand side is (eventually) above the x-axis.

This 1s because for big values of x the highest power dominates the expression.
(If x = 1000, x° is bigger than 50x%).

Examples  y=x"-3x-1

y=10 —x?

3
l"u
\ il 1
AN ff ."'l
\ / /
\“%\.._ —

These are often referred to (informally!) as happy and sad parabolas respectively © @



Sketch (do not plor) the general shape of the graphs of the following curves.

Axes are not required but can be included in the questions marked with an asterix.

1

95'-.'

11

13

14

‘1‘:.\"2—3.*('4‘2 2 _1'=—_\’2+5x+1
y=1-x 4 y=(x=-2)(x+4)
y=(3-x)(2+x) 6 y=(1-x)5-x)
y=x 8 y=-x
3 2
y=2 10 y=-=
X x
< 195 2
y=(x-2)x-3)(x+1) 12 y=—
X

Sketch on the same axes the general shape of the graphs of y =

Sketch on the same axes the general shape of the graphs of y =

x% and y

x*and y



Trigonometric Equations

You can of course get one solution to an equation such as sin x =—0.5 from your calculator. But what about

others?

Example 1
Solution

Method 1:

Method 2:

Solve the equation sin x° =—0.5 for 0 < x < 360.

The calculator gives sin™'(0.5) =-30.

This is usually called the principal value of the function sin™.

To get a second solution you can either use a graph or a standard rule.

Use the graph of y = sin x
By drawing the line y = -0.5 on the same set of axes as the graph of the sine curve, points of
intersection can be identified in the range

0 <x <360.

x=-30° x=210° x=330°

Use an algebraic rule.
To find the second solution you use sin (180 — x)° = sin x°

tan (180 +x)° =tan x°

cos (360 —x)° = cos x°.
Any further solutions are obtained by adding or subtracting 360 from the principal value or
the second solution.
In this example the principal solution 1s —30°.
Therefore, as this equation involves sine, the second solution i1s:

180 — (-30)°=210°
—30° 1s not in the required range, so add 360 to get:

360 + (—30) = 330°.
Hence the required solutions are 210° or 330°.



You should decide which method you prefer. The corresponding graphs for cos x and tan x are shown
below.

t & : b
-180 0 9 180 0 360
V=CoSx
_-1 —-—
1 —_—
: & i : %
/80 =90 90 ] 270 0
vy =tanx

—1 -

To solve equations of the form v = sin (kx), you will expect to get 24 solutions in any interval of 360°. You
can think of compressing the graphs, or of using a wider initial range.

Exercise

1 Solve the following equations for 0 < x < 360. Give your answers to the nearest 0.1°.
(a) sinx°=0.9 (b) cosx°=0.6 (c¢) tan x° =2
(d) sinx°=-0.4 (e) cos x°=-0.5 () tan x° = -3

2 Solve the following equations for —180 < x < 180. Give your answers to the nearest 0.1°.
(a) smx°=09 (b) cosx°=0.6 (c) tan x° =2
(d) sinx°=-0.4 (e) cos x°=-0.5 (f) tan x° = -3



Glossary

The following terms are used in questions and assessments. It is essential that you familiarise yourself

with them.

Exact - An exact answer is one where numbers ARE NOT given in rounded form. The answer will often
contain an irrational number such as V3, e or m and these numbers should be given in that form. Rigorous

(exact) working is expected in the answer to the question.

Hence - When a question uses the word ‘hence’ it is an indication that the next step should be based on
what has gone before. You should start from this statement. Where the phrase “Hence or otherwise” is
used, this indicates that whilst the previous work could form the starting point of the solution, learners

may be aware of, and could use, an equally valid alternate method.

Show that - Show a result is true. Because you’re given the result, your explanation has to be sufficiently

detailed to cover every step of your working.

Prove - Provide a formal mathematical argument to demonstrate validity

Verify - Substitute given values to demonstrate the truth of a statement.

Sketch - Draw a diagram, not necessarily to scale, showing the main features of a curved graph.

Find, solve, calculate - While working may be necessary to answer the question, no justification needs to

be given for any results found.

Show detailed reasoning - Give a solution that leads to a conclusion showing a detailed and complete
analytical method. Your solution should contain sufficient detail to allow the line of your argument to be

followed. This is not a restriction on use of a calculator when tackling the question.
Determine - Justification should be given for any results found, including working where appropriate.

Draw - Draw to an accuracy appropriate to the problem. You are being asked to make a sensible

judgement about this.



Additional Reading

As a student who is choosing to study Mathematics at A Level, it is logical to assume that you have an

interest in the subject.

With that said, the following books may be of interest to you. These are books that are not directly linked

to the course but allow you to further your mathematical intrigue and understanding.

50 Mathematical Ideas You Really Need to Know (Tony Crilly)

Alex’s Adventures in Numberland (Alex Bellos)

Cabinet of Mathematical Curiosities (lan Stewart)

The Calculus Wars (Jason Socrates Bardi)

The Code Book (Simon Singh)

The Curious Incident of the Dog in the Night-time by Mark Haddon
How Many Socks Make a Pair?: Surprisingly Interesting Maths (Rob Eastway)
Hello World: How to be Human in the Age of the Machine (Hannah Fry)
Humble Pi: A Comedy of Maths Errors (Matt Parker)

The Life-Changing Magic of Numbers (Bobby Seagull)

The Num8er My5teries (Marcus du Sautoy)



Supporting Resources

e You will be provided with the relevant text books for the Edexcel A-Level published by Pearson

e The recommended calculator for the A-Level Maths course is the, ‘CASIO FX-991EX Scientific
Calculator’

e There are supplementary texts available. We recommend the CGP revision guides and workbooks.
There will be opportunities to purchase these through the school.
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